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ABSTRACT 

Let S denote the class of regular and univalent functions in ] z I < 1 with the 
normalization f ( 0 ) =  0, f ' (0) = 1. Denote  d t = inft~ s {I a 11 ] '(z) g a, I z l <  1} and 
let S ( d )  = { f  I f ~ S, d t = d, ~ <= d <= 1}. The analytic function f ( z  ) is univalent in 
I z ] < l  if and only if 

log f(z)-/(~) ~ d..z'~" 

converges in the bicylinder I z [ <  1, Isrl < 1. Let cm. = ~/~nndm. and c . . ( d )  = 
Maxtss~n,{Re(c..)}. The paper deals with the monotonicity of c , . ( d )  and 
related functionals. 

1. Introduction 

In dealing with extremum problems for univalent functions, it is relatively easy 

to characterize the extremum functions by functional-differential equations. A 

much harder task is the identification of the solution and the complete answer to 

the problem. In particular, one has often to select from a number of possible 

solutions to the functional-differential equation the actual extremum function. In 

this paper we discuss a question which is of interest in itself and for which a 

complete answer can be obtained by means of the variational method. 

Let S be the family of regular normalized univalent functions in I z l <  1: 

(1) f ( z )  = z + a2z2 + ' ' ' .  

For any f E S let 
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(2) d I = inf{[a I If(z)# a, Iz I<  1} 

and denote by S(d), �88 d _-< 1 the sub-family of S for which d r -- d (see [2]). 

Let r  be any functional defined for the class S and let M(d) be the 

maximum value of ~b[f] with respect to the subclass S(d). Consider then a value 

do for which M(do) is stationary. Under any variation of the extremum function 

fo(z)E S(do) which is admissible in S, the value 4~[f0] will be stationary; hence 

f,(z) will satisfy the functional-differential equation for the extremum of ~b[f] 

within S. This shows the importance of the question whether this equation 

determines a solution in a unique way. Indeed, whenever this is so, M(d) will be 

monotonically decreasing with d. If there are several solutions to the functional- 

differential equation, however, one may determine the largest d-value to which 

all of them belong and guarantee, at least, the monotonic decrease of M(d) for 

all larger d. 

We shall now introduce a particular functional th[f] which has been already 

extensively studied within the family S. 

The analytic function f(z) is univalent in t z t < 1 if and only if the double series 

(3) Iog f ( z ) -  f(~): ~ dm,,z'~" 

converges in the bicylinder l z J <  1, l~'J < 1. It was shown by Grunsky [1] that a 

necessary and sufficient condition for the function f(z) to be univalent is that the 

sharp inequalities 

2 } 2  (4) Re{  . . . .  , c,..A,.A. -< .=, IA.I 2 

hold for all choices of A.,, where 

(5) c,.,, = N/rand.... 

With f(z) we consider the odd univalent function 

(6) F(z ) = X/ f -~  

belonging to S, and denote the Grunsky coefficients belonging to F(z) by Dr.. 

and C,.. respectively. 

Because of the identity 

- f ( z  (7) log F(z) F ( 0 + l o g F ( Z ) + F ( ~ ) = l o g  ~2 
z - ~ '  z+~" z 2-  

it follows that 
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(8) C2,..~. = c.,.. 

We will consider the behavior of 

(a) 
(9) 

(b) 

c..(d) = Max {Re(c..)} 
i t s ( a )  

C..(d) = Max {Re(C..)} 
r 

and prove the following 

fz_ t~-w.1 and strictly monotone THEOREM. C..(d)= 1 for all values of d in t4,~,j j 

decreasing for d in [(~),/., 1)]. 

2. The case of a local maximum of Re(c . . )  

Because of the compactness of S there is, at least, one function for which 

Maxt~s {Re(c,,)} is attained. So let w = f (z)  be such a function and let wo be a 

value in the w-plane such that f (z)  J wo for I z I < 1. 

As shown in [3], there exist functions f* (z )E  S of the asymptotic form 

(10) f*(z)= f (z )+ 2 ap2f(z f  + o(p 2) woq(Z)- w,,) 

for p > 0 arbitrary small, l a]  = 1, such that o(p 2) can be estimated uniformly in 

each closed subdomain of I z ] < 1. 

A simple calculation gives that 

(al)log. f * ( z ) -  f*(~) log f ( z ) -~ (~ )  + ap__~ ~ ( 
z - s  r = z wo~ 1 

Hence 

(12) 

where 

(13) 

8d.,.z'r "=ap--'~2 1 -  f ( z ) i ( l _  + o ( o  ~) 
. . . .  o w~ 1 - wo / ', 

Ill ('/ w~ w~ . . . .  o ~ ~ ~~ ~ z +o(o~) ,  

1 - f ( z )  
Wo 

Z "  
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and 3',. (x) is a polynomial in x of degree m with 3',.(0)= 0, m => 1, starting with 
x"  (8 stands, as usual, for variation). 

Thus 

(14) ad,,, = -awP ~ 3',. ~o r ,  ~ o(P2), m ,n  > 1. 

t 

Because of the extremal property of f ( z )  it follows that 

(15) Re { - ~-~22 3', ( 1 ) 2  + o(p~)} _-< 0, 

for any value w not in the image of I z l <  1, and admissible variations (10). 
Applying the fundamental  lemma of the calculus of variations for univalent 

functions [3] we get that an extremal function maps I z l <  1 onto the whole 
w-plane slit along analytic arcs w(t), each of which satisfies the differential 

equation 

(16, {dw] ~ 1 ( 1 )  2 
\ d t  ] - ~  Y" <=0 

for any real curve parameter  t. 
If we parametrize the boundary ares in the form 

(17) w (~b) = f(e'*), 

we get from (16) that 

(18) 

Hence 

(19) 

on I z [ =  1. 

dw 
= ie '*f'(e '*); uq) 

0=< ~b <21r, 

f ( z )  3"" =rea l  

The left-hand side of (19) is regular in I z I < 1 except for a pole of order n at 

z = 0, and real on I zl  = 1. 
By the Schwarz reflection principle it can be continued for I z I > 1. 
Thus f (z )  satisfies in the whole z-plane the differential equation 

(,+z,)1 f ( z )  w = + . . . +  z", 

where the expression on the right of (20) is a rational function real on I z I = 1. 

f(z)2 3'. ->o, l z t - -  1. 
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We continue along lines similar to those in [4]. 
From .the development 

(21) log(1-  if(z)) = - ~ g,(t)z",  
t t~ l  

where g (t) is a polynomial in t of degree n, we get by differentiation with respect 

to t that 

(22) 

Hence, from (13), 

(23) 

f(z) 
= )'~ g'.(t)z". 

1 -  tf(z ) . . ,  

tg'.(t) = y . ( t ) ,  n > 1. 

Comparing the coefficients of (" on both ends of 

(24) 
m, tt=0 

= l o g / ( z )  g .  1 st. + _.  
Z , ,~ t  = n z "  

we get that 

m = l  ~ Z  n �9 

From (25), by differentiation, 

(26) 

and with (23) 

(27) 

Because of (20), it now follows that 

(28) rod,,,.= { ;  m ~ n ,  
m = n .  

Hence 

(29) 

, z ( )  [ ' (z)~, ,  1 1 
f ( z )2S  ~ =z--~+,.~,~ md,. .z"- ' ,  

f ( z )  z ~ 

Max {Re(c..)} = 1 
f ~ 5  
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and an extremal function satisfies 

19 

Note that (29) and (30) have been proved on the assumption that Re(c . . )  for 

f (z )  is not less than Re(c . . )  for the functions f*(z) "near"  f(z),  i.e. when 

Re(c . . )  has a local maximum. 

This remark is important in the sequel. 

Integrating (30) we get that 

I t 1 z (31) 

where I Zol = 1 and f(Zo)= o% and end up with 

(32) p ( / (_~)  1 A.-~.= 1 z " - C  
=- f i z ) .  + " ' +  f (z)  -Zz- 

where C is a pure imaginary constant. Because 1/z" - z" is also pure imaginary 

on I z l =  1 there is at least one value zl, Izl[ = 1, for which 

(33) z'-~- z ~ -  C _-> 2. 

Consider now the algebraic equation 

(1) 1 
(32') P = z--~- z~'- C, 

which has n roots Wk, k = 0, 1, �9 �9 �9 n - 1. These have preimages zk of the form 

eitherz,exp(2~---J/k) or 1/z~exp(~-~J(k +2) ) . 

At any rate, all roots, w~, lie on the boundary of the image domain. Hence, in 

view of (32') and (33) we have 

1 1 
(34) , = ~ _-> 2, 

( M i n  [ W k [ ) l ~ I  [Wk I 
l ' ~ k ' ~ n  k ~ l  

or 

(35) 
(~) l/2n 

Min I w~ I --< 



20 E. NETANYAHU AND M. SCHIFFER Israel J. Math. 

Thus,  we have p roved  that  an ex t remal  function must belong to S(d) ,  where  

1 <  d < ( ~ )  1/2" 
(36) 4 = = ' 

We  are  to show now that  for  every d satisfying (36) there  is an ex t remal  

funct ion belonging to S(d)  for  which c,,  = 1. 

We  claim that  the funct ions 

e t 
(37) / (z ,  t) = 1 - ~  k [( - k -'(e -2n'k (z 2. ))),,2. ], 0 =< t < ~, 

where  k is the K o e b e  function k ( z )  = z / ( 1 -  z)  2, have the desired proper ty .  

F rom (37) 

Z z 
(38) f (z ,  0 ) -  (1 - i""z)  2' f ( z , ~ )  - (1 - z2") ' '" " 

By direct calculation,  we get that for these two funct ions cn, = 1. So 

(1/i~l")k(i~"z) satisfies (32) with a cor responding  P(1/f) .  
Let us write this equat ion  in the form 

(39) P \ e , k ( i , , . ~ ) , t  = e - "  - ~ " - C  , I ~ ] < 1 ,  

where  the coefficients of the po lynomia l  P on the left-side of (39) are now 

d e p e n d e n t  on t. 

Wri t ing in (37) 

(40) ~" = (k- ' (e-~"k(z~ ' ) ) )  ''2", 77 = e-2"k(z  2~) 

we get f rom (39) that  

1 Vk -'(T/) 
(41) e , t = e -" '  X/~ '~(r / )  - C = e - "  - C 

1 ~ - - - - Z  tt 

z"  - C1, 

where  Ct = Ce-"'. 
Hence ,  f (z ,  t) will satisfy (30) with the cor responding  ~/,. But then it follows 

f rom (27) that  c,,  for this function is equal  to 1. 

We  calculate  now the neares t  point  to the origin in the tmage of J z I < 1 by 

f (z ,  t). 
77 maps  [z I < 1 on to  the whole  p lane  slit along - o0 < A < ~ -2,, = = - ~ e  . ~ ' m a p s t h i s  
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plane onto I ~'1 < 1 slit along 2n radial slits, one of them being - 1 -< "I/=< - r, 

0 < r < l .  
An easy calculation shows that the nearest point in the image of I z [ < 1 by 

(1/i~")k(i~/"~) is the image of re (2"- '>"/2". The distance of this image from the 

origin is r/(1 + 21" cos(zr/2n) + z2). 

Tlaus f(z, t) E S(d(t)) where 

e f'/" 
(42) d(t) = 

1 + 2r  cos ~n + r2 

As r is a continuous function of t, so is d(t). From (38) we have that d(0) = 

and d(oo)= (])m.. Hence d(t) takes every value in t~- t_~va,~ t 4 , L4! J. 

Because of (8) the result proved in this paragraph holds for C2..2.(d). 

3. The  case of a local maximum of Re(C, , )  

Let F(z) be an odd univalent function for which Re(C, , )  attains a maximum, 

and let f(z) be connected with F(z) by (6). 

Because of (8) we need to consider only the case where n is odd. 

Performing the variation of f(z) given by (10) we get that 

ao 2f(z 2) 
(43) F*(z) = ~ / / * - - ~  = X / f - ~  (1 + 2 w ~  Woi] + ~ 

= F ( z  ) + ap2 F(z)~ 
2w~ F(z) 2- Wo + ~ 

where Wo is any fixed value not in the image of I z l <  1 by f(z). 
An elementary calculation gives 

(44) log F*(z) -  F*( ( )  = log F ( z ) -  F(() 
z - ~  z -~" 

and hence 

w~ + woF(z )F(~) ~ ] + 0(02) 
(F(z ) 2- Wo)(F(~) 2- w0)]] 

(45) 6 log F(z) z - F(~) ap 2 (1 
-~" = 2 w o  2 

Since F(z) 2 is an even function 

(46) ~ 8D:,.+,,2.+,z2"+'~ 2"§ 
m , n - - I  

+ woF(z )F!C) + 
(F(z) 2 -  Wo)( (D - Wo)/ 

ag =F(z )F(~) + 0(#2). 
2 wo(F(z)2 _ wo) (F(~) 2 - wo) 
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From the development 

V ( z )  ~, r,.  (x )z  2"+' (47) 1 - xF(z) 2= ~z'g=o 

where F,~ (x) is a polynomial in x of degree m, we find that 

2.,~,~.2.+, a02 ~ r.. ~ r" (48) ,,,,-o~ 802,,.1,2.+1z ~ = - 2 w ~  . . . .  o ~o 

+ o ( p 2 ) .  

Hence 

(49) 6Dz.§ ~00 +0(02).  

Because {Re D2.§ is maximal it follows that 

(50) Re { ap2 0(02)} _-< 0, 

for any value w not in the image, and admissible variations (10). 

Applying again the fundamental lemma of the calculus of variations for 

univalent functions we find that the extremal function w = f (z )  maps [ z l <  1 

onto the whole w-plane slit along analytic arcs each of which satisfies the 

differential equation 

for a proper choice of the real curve parameter t. 

Choosing 

(52) w ( 6 ) = f ( e " ) ,  0=< 6 <27r, 

we get from (51) that 

(53) z 2f'(z)2 V, > 0 on [ z I = 1. 
f (z)3 = 

The expression on the left of (53) is regular in [z I < 1 except for a pole of order 

2n + 1 at the origin and real on [z I = 1. 

Hence, by the Schwarz reflection principle 

(54) z 2 f ' ( z  )2 r .  -- z~ l -~  + z 2. . . .  + a .  + . . . + ~ 2 . z  2" + z 2"+~, 
f ( z )  ~ 

with Ao real, holds for all z. 
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On the other hand we have that 

z + ~+ F ( z ) -  F(~)_  2 
(55) log ~--Z-~_ ~ lOgF(z)+F(r  ) - 

From (55) and the development 

(56) l o g l - t F ( r  _ 2 ~ 2.+,~ ,s , - G r ~r2~+' 
1 + t F ( r  n=o 

where G2.+,(t) is a polynomial in t of degree 2n + 1, we get that 

Detterentiation of (56) with respect to t gives 

F(~) 
= 2n+11,  . / S  " (58) 1 -  t2F(C) z .-o 

Combining (58) with (47) yields 

(59) V. (t 2) = O~.+,(t). 

From (57) it follows that 

F(z) 2 z 2";2+ ,.=o (2m + 1)Dg,.+,,z.+,z 2" (60) 

As 

(61) 

D 2~ +l.2.+iz 2ra +,~2.+i. 
ra, n = 0  

F'(z) = zf'(z 2) Vf- ' 

it follows from (59) and (60) that 

(62) z Z ) 1 1 ~ (2m + 1)O2m+,,2.+,z 

Substituting z for z z and multiplying by X/z, we end up with 

(63) z['(z) (f-~z)) ~ ~ f(z)~/2 r .  = + ~=o (2m + I)D2.+,  2.+,z "+'/2 

Because of (53) the right-hand side of (63) must be real on [z [=  1. Hence 

(64) (2m + 1)D2,.+, 2.+1 = {~ m l  n, 
' m - - - t L  

23 
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So we have proved that max{Re(Cm.+l,2.+~)} = 1 and an extremal function 

satisfies the differential equation 

zf'(z) ( 1 ) 1 z"+�89 (65) f(~?,~r. ~ :z.-~++ . 

Integration of (65) gives 

( f ( ~ )  1 { 1 + A l  + ) 1 .+~. 
(66) P = ~ \ f ( z ) "  f(z)"-I " " + A .  = - ~ 7 - z  , 

note that the constant of integration is zero. 

Squaring both sides of (66) gives that 

1 A2. (1 -- Z2"+1) 2 

(67) f(z)2" +1 + " "  + f(z  ) = z 2.+1 

For any value of z on I zl = 1, the algebraic equation (67) has (2n + 1) 
solutions. Denote by Wl,- . . ,  wz.+~ the values of f (z)  in (67) for z 2"+1 = - 1. We 

have 

2 r t + l  1 
I-[  lw, l= , 
i = l  

(68) 

and hence 

(69) min {Iw, I}< (~) 1'(2"+1) 
l~li[i ~ m n  + 1 

This last inequality implies that the extremal function f (z)  belongs to S(d) 
where 

1 (4) ''(2"+" (7O) ~ _-< d _-< . 

Our aim is to show that for every d satisfying (70) there is an extremal function 

for which C2.+1,2.+~ = 1. 

We first note that any function f (z)  satisfying (66) will satisfy (65) with the 

corresponding F.. Together with (63) for this F. will give (64). Hence f (z)  will be 

an extremal function for which C2.+t,2.+1 = 1. 
A direct calculation shows that C2.+~,2.+1 = 1 for the Koebe function. There- 

fore 

p [  l__J__] 1 .+, 
(71) = Z n--"~+2 -- Z \k(z)/ 
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Taking in (71) e 'k(z)  instead of k(z) ,  0=<t <o0 we get 

(72) P (e-~(z ) , t) = e-("§ (z~.+ - z"+�89 ) 

where the coefficients of P in (72) depend now on t. 

W e  claim that the functions 

(73) f(z, t) = e 'k [(k-l(e-(2"+')'k (z 2"§ I z l <  1, 

t fixed, 0 =< t < oo, belong to S and satisfy (66), and so are extremal functions for 

which C 2 n + l , 2 n + l  = 1,  

Indeed, putting 

(74) ~" = (k -'(7/))1/(2n+1), 77 = e -(2.+,),k (z 2.+,) 

we get from (72) that 

(75) 

1 1 z . +  1 
= e-~"+l)' X / ~  = z " q  

By (74) the disk I z I < 1 is mapped onto I ff[ < 1 with (2n + 1) radial slits of 

equal length, one of them from - 1 to - z, 0 < r < 1, where 

e (2rt + 1)1 
k ( - -  ,/.1/(2.+1)) = 

4 
(76) 

From 

(77, 

it follows that the nearest boundary point to the origin in the image of [ z I < 1 by 
k (~') is k ( - r ) .  

Hence f ( z )  E S(d(t)), where 

(78) d(t ) = - e'k [(k - ' ( -  �88 

d(t) is a continuous function of t for 0_- <t_---~. As d (0 )=~  and d(oo)= 

(~),/(2.+1), d(t) takes every value in [~, (~),/~2.+1)]. 

The results obtained in the last two paragraphs together with the remark 

about the monotonicity in w complete the proof of the theorem. 
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